Abstract. Grad's moment method is applied to derive the system of fully nonlinear 14-moment equations for dilute granular gases. The derived system of 14-moment equations is solved analytically in a quasilinear setting to obtain the homogeneous cooling state solution, and it is shown that the nonlinear terms of scalar fourth moment have practically no effect on Haff's law. The linear stability of the homogeneous cooling state is analyzed through the 14-moment system by decomposing it into two independent longitudinal and transverse problems. The eigenmodes for the longitudinal system are compared with those obtained by an existing theory by Kremer and Marques [12].
Introduction
The most important characteristic of a granular matter is the inelastic collisions among its grains. This very feature of the granular matter is accountable for many interesting phenomena-for instance, pattern formation, clustering, fingering, mixing and segregation, jamming, density waves, etc. (see, e.g., [1] [2] [3] and references therein). Owing to the inelastic collisions among grains, a granular matter loses energy during each collision; consequently its granular temperature, which is a measure of the fluctuating kinetic energy, decays continuously until it becomes zero. Therefore, in contrast to elastic gases in which collisions render the gas to reach an equilibrium state, the inelastic collisions in granular gases [1] lead only to a dead state.
The analogy between granular and molecular gases has inspired several researchers to develop mathematical models for granular gases through the kinetic theory within the framework of the Boltzmann equation (see, e.g., [4] [5] [6] [7] [8] [9] [10] [11] [12] and references therein). In general, most of the works based on the kinetic theory of granular gases extend (or employ) the two wellknown approximation techniques, namely the ChapmanEnskog (CE) expansion [13] and Grad's moment method [14] , of the kinetic theory for monatomic (elastic) gases.
The present work revisits a recent work based on Grad's moment method: "Fourteen-moment theory for granular gases" by Kremer and Marques [12] and develops in an analogous way. Nonetheless, the main differences in the present work and Ref. [12] are the following.
1. In contrast to Ref. [12] , the present work derives fully nonlinear Grad 14-moment (G14) equations for dilute granular gases. 2. Through the stability analysis of equilibrium points in a dynamical system [15] , the present work deduces that it is justifiable to ignore the nonlinear terms of the scalar fourth order moment in the moment equations. 3. Unlike Ref. [12] , which obtains the NavierStokes, and Fourier (NSF) laws for dilute granular gases by Maxwell iteration procedure, the present work determines them by performing a CE-like expansion on the moment equations. 4. Ref. [12] analyzes the linear stability of the homogeneous cooling state (HCS), essentially, via the 13-moment theory, since it considers the scalar fourth order moment as a constant. The present work studies the same problem with 14-moment theory and presents an interesting result on the unstable eigenmode of the longitudinal system.
5. In Ref. [12] , it is not clear how the authors obtain the dimensionless governing equations having constant coefficients for perturbed quantities (see eqs (59-63) of Ref. [12] ). The present work answers this question as well.
The rest of the article is organized as follows. A brief review of the kinetic theory for dilute granular gases is presented in section 2. The G14 equations for them are derived in section 3. The HCS of a freely cooling granular gas is investigated in section 4. The NSF laws for dilute granular gases are determined in section 5.
The linear stability of HCS is analyzed in section 6. The conclusions are given in section 7.
Short review of kinetic theory
The state of a dilute granular gas can be described by a single-particle velocity distribution function f (t, x, c) ≡ f , which is the fundamental quantity in the kinetic theory and obeys the (inelastic) Boltzmann equation [6, 8, 16] :
Here t, x, c denote the time, position vector and the instantaneous velocity of a particle; d is the diameter of a particle; e is the coefficient of (normal) restitution;k is the unit vector directed from the center of one particle to that of other at the time of collision, consequently the integration limits ofk extend over the unit sphere S 2 ; the integration limits for the velocity (of the other collision partner) c 1 extend over the whole ℝ 3 space; g = c − c 1 is the relative velocity; Θ is the Heaviside step function; F is the external force per unit mass and usually do not depend on c;
); subscript i denotes the index notation for vectors, and Einstein summation convention is assumed over repeated indices. The velocities c ′′ and c ′′ 1 are the pre-collisional velocities in an inverse collision [16, 17] . In what follows, we shall mostly use the index notation for vectors and tensors and, henceforth, write a single integration symbol without limits (even for multiple integrals) to make the notations compact. Nevertheless, the integration over any velocity space will always stand for the volume integral over ℝ 3 and that over k will always stand for the volume integral over the unit sphere S 2 . The right-hand side (RHS) of the Boltzmann equation (1) is referred to as the (inelastic) Boltzmann collision operator.
Some of the physical quantities such as (mass) density (t, x) ≡ , macroscopic velocity v i (t, x) ≡ v i , granular temperature T (t, x) ≡ T , stress ij (t, x) ≡ ij and heat flux q i (t, x) ≡ q i , are related to the velocity distribution function in the form of its moments as follows.
where m is the mass of a particle; n ≡ n(t, x) = ∕m is the number density; C i = c i − v i is the peculiar velocity; ≡ (t, x) = T ∕m is the granular temperature in energy units; and the angle brackets around the indices denote the symmetric and traceless part of the tensor [18] . Here, the definition of the granular temperature is adopted following Ref. [16, 19] , although some authors also refer = T ∕m as the granular temperature (defined as fluctuating kinetic energy per unit mass) (see, e.g., [20, 21] ). It is noteworthy that in case of monatomic ideal gases, T in eq. (4) is replaced with k B T th , where k B denotes the Boltzmann constant and T th is the thermodynamic temperature.
Since the governing equation for f is the Boltzmann equation (1), the governing equation for any physical quantity defined above can be obtained by multiplying the Boltzmann equation (1) with a suitable monomial of velocity components and integrating the resulting equation over the velocity space subsequently. To derive the governing equations for physical quantities defined above, let us multiply the Boltzmann equation (1) with a generic variable ≡ (t, x, c), which we shall specify later. Subsequent integration of the resulting equation over the velocity space leads to the so-called transfer equation for :
where
is the material derivative, the underline denotes the flux term, and
with ′ ≡ (t, x, c ′ ) etc., is the production term or the (inelastic) Boltzmann collision integral corresponding to the moment ∫ f dc. While writing eqs (8) , the symmetry properties of the Boltzmann collision operator have been used (see, e.g., [16, 17] ). It is important to note from the transfer equation (7) that irrespective of the value of chosen, the transfer equation (7) will always contain an additional unknown of one more order due to the (underlined) flux term in the transfer equation (7) . Inserting = m, m c i , 1 2 m C 2 in the transfer equation (7) one by one, it yields the mass, momentum and energy balance equations, which-respectively-read
is the dissipation term resulting from the energy loss due to inelastic collisions and vanishes identically for elastic collisions. While deriving the momentum and energy balance equations (10) and (11), the mass balance equation (9) has also been utilized. Note that the RHSs of eqs (9) and (10) vanish due to the conservation of mass and momentum; however, the energy is not conserved due to dissipative collisions resulting into nonzero RHS in eq. (11) . Note that the stress and heat flux in the momentum and energy balance equations (10) and (11) typically have nonzero collisional contributions in addition to the usual kinetic contribution given by eqs (5) and (6) [17, 19, 22, 23] . Nevertheless, the kinetic contributions to the stress and heat flux in the case of dilute granular gases dominate over their respective collisional contributions, and therefore the collisional contributions to the stress and heat flux can be neglected for dilute granular gases [16] . In any case, since the momentum and energy balance equations (10) and (11) are obtained here by taking the velocity moments of the distribution function, only kinetic contributions to the stress and heat flux will emerge in the equations. The collisional contributions to stress and heat flux, if required, must be computed separately [19] .
Clearly, the system of eqs (9-11) in hydrodynamic variables , v i and T is not closed, since it contains the additional unknowns ij , q i and D, and in order to deal with this system further, it needs to be closed. Here, we employ Grad's moment method [14] in order to obtain a closed system of equations.
Grad's moment method
The function in the transfer equation (7) can be chosen in infinitely many ways. Consequently, the transfer equation (7) leads to an infinite system of coupled first order partial differential equations (PDEs), which is of no use unless truncated after a finite number of equations. Obviously, the truncated system of equation will contain additional unknowns due to the (underlined) flux term in the transfer equation (7), hence will not be closed. To obtain a finite and closed system of moment equations, Grad's [14] idea was to approximate the velocity distribution function f with a finite linear combination of the N-dimensional Hermite polynomials [24] in peculiar velocity and to compute the unknown coefficients in the approximation in terms of the considered moments by satisfying their definitions with the approximated distribution function. Finally, the additional unknowns in the truncated system are computed using this distribution function. This method of obtaining a closed set of moment equations is referred to as Grad's moment method and its details can be found in [14] and in many standard textbooks (see, e.g., [18] ). At the truncation level of first 13 moments (in 3-dimensions), the method yields the well-known Grad 13-moment (G13) equations, which form a closed system of equations for the physical quantities , v i , T , ij and q i .
Here, we shall derive the system of Grad 14-moment (G14) equations for a dilute granular gas, which in addition to the physical quantities consists of a fully contracted fourth rank tensor
as a variable. It is imperative to include this variable into the system in case of granular gases, as it has been concluded in Ref. [12] and we shall also show in section 5. that the non-Fourier contribution to the heat flux (the term not proportional to the temperature gradient in heat flux) is a consequence of the inclusion of this variable.
Grad's 14-moment equations
The system of 14-moment equations-in the variables , v i , T , ij , q i and w-for a dilute granular gas are obtained by replacing in the transfer equation (7) with m, m c i ,
m C 4 successively in a straightforward way. The first three choices for yield the mass, momentum and energy balance equations (9-11). The remaining choices for yields the governing equations for ij , q i and w. Following Kremer and Marques [12] , we replace variable w in the 14-moment equations with a new variable
which denotes the dimensionless non-equilibrium part of w. Here,
is the equilibrium (Maxwellian) distribution function in the elastic limit. The remaining choices for and the above replacement gives the governing equations for ij , q i and Δ, which read
Eqs (9-11) and (16) (17) (18) form a system of 14-moment equations. Nevertheless, the system is not yet closed since it contains the additional unknowns
as well as the unknown production terms
and  2 , which have the general form:
Notice that  0 =  0 i = 0 due to mass and momentum conservation, and 1 2
All the unknowns are expressed in terms of the considered variables by replacing f in eqs (19) and (20) with G14 distribution function which reads
We omit the details of finding the G14 distribution function for the sake of conciseness. Interested readers are referred to Ref. [12] and standard textbooks (e.g. [18, 25] ), for the details of computing Grad distribution function. With the G14 distribution function (21), the additional unknowns become
and the production terms also become known, although they are not easy to evaluate by hand. We have implemented the computational strategy for the evaluation of the production terms detailed in [26] into the computer algebra software MATHEMATICA ® and obtained the fully nonlinear production terms. Inserting the variables (22) and computed production terms into eqs (9) (10) (11) and (16) (17) (18) , one obtains the system of fully nonlinear G14 equations for dilute granular gases, which reads
DT Dt + 2 3n 
is the mean free time.
Homogeneous cooling state
The state of a granular gas when without applying any external force its granular temperature gradually decays (due to inelastic collisions) but its spatial homogeneity is preserved is termed as homogeneous cooling state [16] . The HCS of a freely cooling granular gas have been investigated theoretically via Navier-Stokes-level hydrodynamics [9, 16] , via a 13-moment theory [12] , and via molecular dynamic simulations [27] . It is also known from the Navier-Stokes-level hydrodynamics and molecular dynamic simulations that the HCS of a granular gas is not stable and leads to inhomogeneous cooling state (ICS) rendering clustering instabilities [28, 29] . The ICS of a granular gas is beyond the scope of the present article; nevertheless, the theory presented here can be utilized to investigate the ICS of a granular gas in the future. Here, we study the HCS of a granular gas with the G14 equations. We assume that the granular gas is spatially homogeneous (i.e., (⋅) x i = 0) and that there is no external force (i.e., F i = 0). Furthermore, for simplicity, we drop the nonlinear terms which are products of vectors and/or tensors (i.e., the terms having ij ij , ij q i , q i q j etc.) in the RHSs of the G14 equations (23) (24) (25) (26) (27) (28) . This means that we are focusing our attention on the early evolution stage of homogeneously cooling granular gas. The G14 equations in the zero external force case on dropping the nonlinear terms which are products of vectors and/or tensors read D Dt
DT Dt + 2 3n
On introducing the scaling
, 0 = T 0 ∕m; and n 0 = n(0) and T 0 = T (0) being the initial values of the number density and granular temperature, respectively. With the above scaling, the G14 equations in the HCS reduce to 
Eqs (37) and (38) lead to trivial solution for n * and v * i : n * (t * ) = n * (0) = 1 and v * i
since initial velocity is zero in the HCS.
Haff's law
By a heuristic approach, Haff [30] discovered that in the HCS, the decay rate of the granular temperature of a freely cooling granular gas is given by
wheren is the average number density. The solution of eq. (44) gives the solution for the granular temperature of a freely cooling granular gas:
where 
One interesting case arises if we drop the nonlinear (underlined) terms in eq. (48). In this case, there is only one root of eq. (48), and therefore in this case
which is same as the coefficient of second Sonine polynomial S 2 (v 2 ) obtained while performing CE expansion (see e.g., [16, 31] ). Furthermore, if we also drop the nonlinear (underlined) term in eq. (47), one obtains Haff's law (or granular temperature) as obtained in Ref. [12] . Indeed, we show below that the underlined terms in eqs (47) and (48) have practically no effect on Haff's law.
A simple stability analysis of the equilibrium points (see chapter 2 of the textbook [15] ) of eq. (48) shows that only one equilibrium point of eq. (48) is stable whereas the other two are unstable. The inset of figure 1 illustrates the stable equilibrium point (by black faced circle) and unstable equilibrium points (by white faced circles) for e = 0.95 on a phase portrait. We shall, therefore, ignore the unstable equilibrium points and consider only the stable equilibrium point of eq. (48). Note that the stable equilibrium point tends to zero in the limit e → 1. To see the effect of the nonlinear (underlined) terms in eq. (48), we plot-in the main panel of figure 1 -the stable equilibrium point of eq. (48) (by continuous line) and the single equilibrium point given by eq. (49) (with '+' symbols) over e. Clearly, the line and symbols coincide with each other for 0.35 ≲ e ≤ 1. For e ≲ 0.35, the line and symbols slightly deviate from each other. Nevertheless, the maximum relative difference between the values represented by line and symbols is approximately 8.5% which is for e = 0. Despite this difference in the values of , it turns out-but not shown here-that for any fix e, the granular temperature profiles from eq. (47) (with or without the underlined term) for the two values of (corresponding to line and symbol in the main panel of figure 1 ) differ from each other only negligibly, see [32] . Therefore, it is justifiable to drop Δ 2 and Δ 3 terms in eqs (39) and (42).
Relaxation of moments in the HCS
We again consider the G14 equations (37)- (42) in the HCS but without Δ 2 and Δ 3 terms in eqs (39) and (42). We have seen that the number density n * and velocity v * i in the HCS are given by eqs (43) trivially since their governing equations (37) and (38) are not coupled with the remaining eqs (39-42), which, on the other hand, are coupled and need to be solved numerically to see the relaxation of T * , * ij , q * i and Δ with time t * . We have solved these equations numerically with initial conditions T * (0) = * ij (0) = q * i (0) = Δ * (0) = 1 and found that the granular temperature profile coincides with that obtained via Haff's law (47) (with or without the underlined term) and the other moments- * ij , q * i and Δ-decay faster than the granular temperature. We skip showing these results here because these results are exactly same as shown in figure 1 of Ref. [12] .
Navier-Stokes, and Fourier laws
In this section, we compute the constitutive relations for the stress and heat flux in 5-moment theory which considers the governing equations only for mass, momentum and energy, i.e., eqs (9) (10) (11) . These equations consist of the stress ij and heat flux q i as additional unknowns. The constitutive relations for the stress and heat flux in 5-moment theory for granular gases are typically procured by CE expansion, see, e.g. [8, 11] . Recently, Kremer and Marques Jr. [12] employed Maxwellian iteration procedure to obtain these constitutive relations via the G14-moment equations for dilute granular gases. Here, we apply a CE-like expansion [18] on the balance equations for ij , q i and Δ (i.e., on (33)-(35)) to compute the constitutive relations for the stress and heat flux.
To this end, the RHSs of eqs (33-35) are divided by , which denotes the Knudsen number and replaced by 1 in the end of the procedure, see section 6.3 of [18] . The division by on the RHSs of eqs (33-35) is equivalent to considering dimensionless equations whereas replacing by 1 in the final results is equivalent to writing them back in the dimensional form [18] . Next, the non-equilibrium variables Ψ ∈ { ij , q i , Δ} are expanded in powers of the Knudsen number as
and these expansions are inserted in eqs (33-35) after dividing their RHSs by . Finally, the coefficients of each power of on both sides of the equations are compared.
Comparison of the coefficients of −1 on both sides of these equations yields ij|0 = q i|0 = 0 and Δ |0 = a 2 . Clearly, Δ |0 = 0 in the elastic limit (e = 0) but nonzero for granular flows (e ≠ 0). Next, comparison of the coefficients of 0 on both sides of equations for stress and heat flux (eqs (33) and (34) with RHSs divided by and variables replaced with expansions (50)) yields ij|1 and q i|1 , which are the first order approximations for stress and heat flux, and on replacing by 1, they read
and
with the transport coefficients
Eqs (51) 1 and (51) 2 are the Navier-Stokes law and the Fourier law, respectively. The transport coefficients and are the shear viscosity and thermal conductivity, respectively. The term with the coefficient in eq. (51) 2 is solely due to the inclusion of Δ into the Grad moment system. Moreover, this term in eq. (51) 2 is exclusive for granular gases and it vanishes identically for monatomic ideal gases (i.e., for e = 1) as a 2 = 0 for them. The transport coefficients (52) obtained here are exactly same as those obtained in Ref. [12] via the Maxwell iteration procedure.
Linear stability analysis
In this section, we analyze the stability of the HCS due to small perturbations through the G14 equations derived in section 3. The amplitudes of these perturbations are assumed to be sufficiently small so that the linear analysis remains valid.
For the linear stability analysis, we decompose all the field variables into their reference values-i.e., their respective solutions in the HCS-and perturbations from their respective solutions in the HCS, i.e., we define n(t, x) = n 0 1 +ñ(t, x) ,
where n 0 is the constant number density and T H (t) is the granular temperature in the HCS; a 2 is the constant solution for Δ in the HCS; the adiabatic sound speed in the HCS v H (t) = √ 5T H (t)∕(3m) is taken as the reference speed; and any quantity with tilde denotes the dimensionless perturbation from its solution in the HCS. As ij and q i decay faster than the granular temperature (see figure 1 of Ref. [12] ), we have assumed that ij and q i are approximately zero in the HCS.
Inserting the field variables from (53) into the G14 equations (30)-(35) without Δ 2 and Δ 3 terms (recall that these terms do not have any significant effect), and neglecting all the nonlinear terms of perturbed quantities, we obtain a system of linear first order PDEs for the perturbed quantities consisting of time-dependent coefficients . Nevertheless, it is possible to convert this system to a new one having constant coefficients as follows. We introduce a time scale and a length scale
respectively, to make the space variables dimensionless (e.g.,x i = x i ∕L), and a dimensionless timet such that
depend only on the parameter e, the coefficient of restitution. Now, we assume a normal mode solution of the form
for system (57)-(62). Here, i is imaginary unit; k and are the dimensionless wavevector and frequency of the disturbance, respectively; and bar denotes the complex amplitude of the corresponding perturbed field variable. For the temporal stability analysis, to be analyzed here, the wavevector k is assumed to be real and the frequency is assumed to be complex. The imaginary part of frequency, Im( ), determines whether the amplitude of the disturbance grows or decays in time. The form of the normal mode solution (68) intimates that the solution will not grow with time if Im( ) ≤ 0 and vice versa. Consequently, stability requires Im( ) ≤ 0.
If we assume that the wavevector of the disturbance is parallel to the x-axis (i.e., k = kx, where k = |k| is referred to as the wavenumber andx is the unit vector in xdirection), we get two independent eigenvalue problems, namely the longitudinal and transverse problems for the amplitude of the disturbance. The longitudinal problem reads 
while the transverse problem reads
For nontrivial solutions of the eigenvalue problems (69) and (70), the determinants of both the coefficient matrices must vanish. This condition leads to the dispersion relations-a relation between the wavenumber k and frequency , which is usually exploited to express as a function of k or vice versa-for the longitudinal and transverse problems. As we are interested in the temporal stability analysis, we assume that the wavenumber k is real and solve the vanishing determinant conditions to express the frequency as ≡ (k).
Note that the coefficient matrix for the transverse problem (70) is exactly same as that in Ref. [12] . Consequently, the behavior of eigenmodes for the transverse problem is same as that found in Ref. [12] . Therefore, we shall not discuss the transverse problem here.
As the sign of imaginary part of frequency, Im( ), decides the stability of eigenmodes, (by solving the vanishing determinant condition) we plot the Im( ) for the longitudinal problem (69) over the wavenumber k for the coefficient of restitution e = 0.75 in figure 2 . There are six eigenmodes in figure 2 corresponding to the six eigenvalues of the coefficient matrix in the longitudinal problem (69). All the six modes are distinctly identified for small wavenumbers, however as the wavenumber increases two pairs of modes coincide. It is clear from figure 2 that out of the six eigenmodes, only one eigenmode has Im( ) > 0 for small wavenumbers and, hence, is unstable for small wavenumbers; the remaining five eigenmodes are stable for all wavenumbers. It is worth pointing out-but not shown here-that in the elastic case (e = 1), all six eigenmodes are always stable for all wavenumbers. Note that the unstable eigenmode in figure 2 also becomes stable for k ≳ 0.19, as the Im( ) for this eigenmode also becomes negative beyond this value of wavenumber. Such a wavenumber at which Im( ) changes its sign is referred to as the critical wavenumber. Thus the critical wavenumber for the longitudinal problem in case of e = 0.75 is approximately 0.19, see figure 2 .
In order to see the behavior of the critical wavenumber on varying the coefficient of restitution, we plot the critical wavenumber for the longitudinal problem (69) over all possible values of the coefficient of restitution in figure 3 . The region in the left and below of the curves in figure 3 is the stable region whereas that in the right and above the curves is the unstable region. Note that the critical wavenumber from the G13 theory (shown by red color) in figure 3 is obtained by the theory of Kremer and Marques [12] , where the authors assumed a constant value (HCS solution) for Δ while studying the linear stability analysis of the HCS. It may be noticed from figure 3 that the critical wavenumber from the G13 theory closely follows that from the G14 theory for 0.35 ≲ e ≤ 1. However, as the coefficient of restitution decreases further the critical wavenumbers from both the theories deviate from each other. In particular, the G13 theory (red curve in figure 3 ) does not give a critical wavenumber for 0 ≤ e ≲ 0.21, this means that the unstable eigenmode from the G13 theory remains unstable below a certain value of the coefficient of restitution; however, the G14 theory of the present work (blue curve in figure 3 ) demonstrates that the unstable eigenmode turns stable above a critical wavenumber for all values of the coefficient of restitution. The eigenmode is unstable below or left of the curves while stable above or right of the curves. The G13 curve is equivalent to that of Ref. [12] .
Conclusion
The fully nonlinear G14 equations for dilute granular gases have been derived through Grad's moment method. The HCS of a freely cooling granular gas has been investigated with the quasilinear G14 equations, and it has been shown by the stability analysis of fixed points in a dynamical system that the nonlinear terms of the fully contracted fourth moment (Δ) has only negligible effect on Haff's law, and hence can be neglected. The constitutive relations for the stress and heat flux (the NSF laws) have been determined by performing a CElike expansion on the G14 equations. The constitutive relations obtained in the present work agree with those obtained in Ref. [12] by Maxwell iteration procedure.
The linear stability of the HCS has been analyzed through the G14 system (where, unlike Ref. [12] , Δ has not been taken as a constant) by decomposing it into the longitudinal and transverse problems. Nevertheless, the attention has been paid only to the longitudinal problem, since the transverse problem is exactly same as that in Ref. [12] . It has been found that the one out of six eigenmodes for the longitudinal problem is unstable for e ≠ 0. It has also been unveiled that the unstable eigenmode from the G13 theory of Ref. [12] remains unstable below a certain coefficient of restitution whereas that from the G14 theory of the present work becomes stable above some critical wavenumber for all values of the coefficient of restitution. Thus, it can be recommended that the fully contracted fourth moment (Δ) ought to be considered as a field variable, at least while analyzing the stability of the HCS.
